Abstract. In this paper we study the inversion problem in measure and Fourier-Stieltjes algebras from qualitative and quantitative point of view extending the results obtained by N. Nikolski in [N].
Introduction
We are going to collect first some basic facts from Banach algebra theory and harmonic analysis in order to fix the notation (our main reference for Banach algebra theory is [Ż] , for harmonic analysis check [R] ). For a commutative unital Banach algebra A, the Gelfand space of A (the set of all multiplicative-linear functionals endowed with weak * -topology) will be abbreviated △(A) and the Gelfand transform of an element x ∈ A is a surjection x : △(A) → σ(x) defined by the formula: x(ϕ) = ϕ(x) for ϕ ∈ △(A) where σ(x) := {λ ∈ C : µ − λδ 0 is not invertible} is the spectrum of an element x. Let G be a locally compact Abelian group with its unitary dual G and let M(G) denote the Banach algebra of all complex-valued Borel regular measures equipped with the convolution product and the total variation norm. It is also a * -algebra with involution µ → µ defined for any Borel set E ⊂ G by µ (E) ν where ν is a probability measure with non-negative Fourier-Stieltjes transform satisfying σ(ν) = D shows (here δ 0 is the Dirac delta at the point 0). On the other hand, it was proved in [N] that
will do the job and moreover the norm of the inverse is bounded by (2δ 2 − 1)
For the readers convenience we will reprove this result now with a slightly simpler (but
by the generalisation of Wiener lemma (see 5.6.9 in [R] ):
where {f α } is a system of continuous postitive-definite functions with compact supports and in order to finish the argument one has only to
However, the minimal value of δ 0 > 0 seems to be unknown and the question on improving the aforementioned bounds is stated in [N] .
The aim of this short note is to give a proof of the following fact (Theorem 5) : if µ ∈ M(G)
then µ is invertible which is the final solution of the problem (proving δ 0 = 1 2 ) -in view of the previous discussion the result is sharp.
In the next part of this note we attack the problem of estimating the norm of the inverse.
In addition to the upper bounds mentioned above the paper [N] contains a result on the lower bound. We will not reproduce the whole discussion here but what is crucial for us is that one cannot hope for a bound better than (2δ − 1)
. We show in Theorem 8 that this lower bound is in fact, an upper bound for the case of measures with discrete parts supported on independent subsets of locally compact Abelian groups consisting of elements of infinite order.
The last part of the paper is devoted to the study of analogous problems for Fourier-Stieltjes algebras.
Measure algebras
2.1. Qualitative result.
Suppose now, towards the contradiction, that µ is not invertible. Then 0 ∈ σ(µ) and there
and by (1) we get
which is a contradiction.
Here we need to cite the theorem of I. Glicksberg and I. Wik (see (2) in [GW] ).
Theorem 3. Let µ ∈ M(G). Then µ d ( G) ⊂ µ( G).
And the obvious corollary.
We are prepared now to ultimately solve the inversion problem.
. Then µ is invertible.
Proof. By Corollary 4 we have inf
. To finish the proof we need only to apply Lemma 2.
Quantitative results.
We pass now to the analysis of a restricted class of measures (in fact, the discrete part is the most important) in order to get the estimates for the inverse. The first (trivial) lemma will help us to deal with measures with the discrete part consisting of a finite sum of Dirac deltas at points constituting to an independent set.
finite sequence of non-negative numbers satis-
. Assume also that the following inequalities hold true:
Proof. As the sequence (x n ) N n=1 is non-increasing we have
x N ≤ 1 the second inequality proves the assertion.
We need also a generalisation of the classical Kronecker's approximation theorem (see 5.1.3 in [R] ). By definition, a subset E ⊂ G is independent if for every choice of distinct points x 1 , . . . , x k of E and integers n 1 , . . . , n k either
Theorem 7. Suppose E is a finite independent subset of locally compact Abelian group G consisting of elements of infinite order and let f be a function on E satisfying |f (x)| = 1
for every x ∈ E. Then, for any fixed ε > 0, there exists γ ∈ G such that
Now, we are ready to prove the theorem on the norm of the inverse of a measure with a discrete part supported on the independent set of points of infinite order.
and let the support of 
By Theorem 7 there is
γ 0 ∈ G such that (2) |γ 0 (y k ) − α k | ≤ ε N k=2 |a k | for k ∈ {2, . . . , N}.
Now, we perform elementary estimates
This estimate holds true for every choice of signs ξ k and every sufficiently small ε > 0 so we obtained, in fact, the following conclusion:
for every choice of signs ξ k Now, we are in position to use Lemma 6 which gives
The assertion of the theorem follows now from Lemma 1.
Let us move now to the general case, so let µ d be given by the formula (we use the same reduction as before):
is independent, consists of elements of infinite order and n |a n | < ∞. Put
By the initial part of the proof we get
A moment of consideration (we can assume that N(ε) tends to ∞ as ε → 0) leads to
which finishes the proof.
The proof of the last theorem gives us a bit more.
Theorem 9. Let µ ∈ M(G) be a measure satisfying the assumptions of Theorem 8 and let
a > 0 be the mass of the greatest atom in µ d . Then 
Fourier-Stieltjes algebras
We switch now to Fourier-Stieltjes algbras (the standard reference for this part is [Ey] , see also recent monograph [KL] ). Let G be a locally compact group and let B(G) be the Theorem 11. Let G be a locally compact group and let f ∈ B(G) has the decomposition
Proof. Without loss of generality, it is enough to show g(e) ∈ f (G) (the general case being obtained via considering shifted f ). First we prove the existence of distinct group elements
|h(x 1 )| < ε and |h(x n x −1 j )| < ε for j < n and n > 1.
Since h ∈ B c (G) and the mean M satisfies M(f ) ≥ 0 if f ≥ 0 we clearly have inf x∈G |h(x)| = 0 so there is no problem with the choice of x 1 . Suppose that we have already picked up x 1 , . . . , x n−1 and consider an auxiliary function u ∈ B c (G) defined as follows:
As u ∈ B c (G) w also have inf x∈G |u(x)| = 0 and we are able to choose x n different from x 1 , . . . , x n−1 or |h(e)| < ε which immediately finishes the proof.
Let us consider now the following set of functions in B(G) ∩ AP (G).
Since g ∈ AP (G) this set is relatively compact in the uniform topology. Hence there exists a subsequence (g xn k ) k∈N which is a Cauchy sequence. It follows that for k > N we have
In particular,
But now,
For completeness, let us state the variant of Theorem 5 for Fourier-Stieltjes algebras.
Theorem 12. Let G be a locally compact group and let f ∈ B(G) satisfy f ≤ 1 and
. Then f is invertible.
Concluding remarks
(1) The critical constant δ 0 = 1 2 is the same as for measure algebras on 'analytic' semigroups as discussed in part 2.2. of [N] . seems to be very difficult even for G = T and the considered measures being finite sums of Dirac deltas supported at rational points of the circle. Then the estimation of the inverse is translated to an elementary but surprisingly hard problem on bounding the entries of the inverses of circulant matrices in terms of their eigenvalues.
(3) Theorem 5 is sharp for any non-discrete locally compact Abelian group as it was discussed before but Theorem 12 is not necessarily sharp even for non-compact groups as there are examples of non-compact groups for which the Wiener-Pitt phenomenon does not occur (check [C] ). However, this Theorem is sharp for discrete groups containing an infinite Abelian subgroup (consult [OW] ) (4) Despite of positive result of section 3, we are not able to prove any bound for the inverse even in the restricted range 
